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University of Pennsylvania 
THE MOORE SCHOOL OF EmCmCAL ENGINEERING 

Philadelphia, Pennsylvania 

S'RMY OF (3- IIUER!LUL 
NAVIGATION SYSTEsro; 

1. INTRODUCTION 

This report on a study of gi.mba1.3.ess inertial navigation systems 

summarizes the work perform& during the first year of this study. The 

report is quite brief since the details of most of the work are given in 

the following publications . 

"Damping Gimballess Inertial Navigation Systems, I' by 
A.  G m t m a t i l w s ,  A. R. Schder, and K. A .  Feglsy, 
Conference Record of the Welfth P.E.E.E.  East Coast 

ional Elec txonic 8 ,  

Technical ~ ~ - 0 g x - m  Committee for first prize award.) 

%Measuring Rotational Motion With Linear Accelerometers, " 
by A. R. Sehuler, A ,  GrammtiWs, and K. A .  Fegley, 

, 

Gimballess Inertial Systens for Space Navigation, 
Ph.D. dissertation in electrical engineering by 
Antonios Grammatikos, University of Pennsylvania, 
Philadelphia, Pa e ,  1965. 

Design and Analysis of Analytic Platform Inertial 
Navigation Systems, Ph.D. dissertation in electrical 
engineering by A e R a Schuler , Universi ty of Pennsylvania, 
Philadelphia, Pa., 1965. 

The work accomplished can be conveniently divided into the six areas: 

(1) a l l  accelerometer techniques - for measuring linear and rotational 

parameters of motion, (2) damping of the navigation loop, ( 3 )  the trans- 

formation matrix, (4) error analyses, ( 5 )  computer simulation, and 



2.  

A summary of t h e  work i n  each of these s i x  area8 (6) experimental work. 

is given i n  the  fdlowing sect ion.  

2. slmvm OF WORK 

2 a 1 e A l L a s u r i n g  l i nea r  and ro ta t ion  

A t  present, i n e r t i a l  navigation systems usually use gyroscopes t o  

sense angular motion and accelerometers t o  sense l i nea r  accelerat ions.  

It is possible,  hwever,  t o  determine bcth I tnear  acceleration and 

angular motion by using s i x  61" more accelerometers t h a t  are fixed t o  the  

vehicle or by w i n g  three accel,erorneters w i t h  one mounted on each of 

three  mutmLly perpendicuL8r rotat ing rings . 

A number of fixed sccelerometer configurations have been inves- 

t i ga t ed .  

References 2, 4, 5.. and 6. 

gives the! most eonc-fsa discue;$lon. 

disews;sfcrr? .I 

The mcsS usefur of these configurations are discussed i n  

Referenee 4, whi le  not the  most complete, 

Reference 5 gives the most complete 

WMPe ft mhght be expxtsd t h a t  s i x  fixed accelerometers would 

pyovide sufficient information t o  f ind the three components of l i nea r  

accelerat ion and the  three components of angular motion fo r  a six-degree- 

of-freedom vehicle, t h i s  has not been found t o  be t r u e .  One par t icu lar  

six-accelerometer configuration provided t h e  three components of l i nea r  

accelerat ion and the  three components of angular velocity,  but with a 

sign ambiguity f o r  the  angular velocity components. For another s ix-  

accelerometer configuration, the equations fo r  the angular motion are 

unstable. 

meters has 

No completely 

been found. 

satl. s fac t ory con f igura t  ion of s i x  fixed accelerg- 
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A number of configurations having s ix ,  seven, eight,  o r  nine 

fixed acceiersmeters hasre been Eitudted and the  r e l a t ive  merits of the  

several  configurations have been discusseii. For a l l  of the configur&tiqn$ 

considered, the accelerometers l i e  along mutually perpendicular axes which 

coincide w i t h  or are parallel t o  the pr incipal  axes of the vehicle, and 

t h e  sens i t ive  axis of each aecelermeter is along or  normal t o  t h e  axis 

along which f t 9  lfes. 

Due t o  fuel. c~nsumpt~foxl, the center  of mass of the  v th ic le  may move 

within the vehicle.  This meition of t h e  center of mass due t o  fue l  con- 

sumption need cause no Loss i n  the accuracy w i t h  which the  angular and 

l i nea r  motion of the  vehicle are &termined i f  1) the  motion of the 

center  c f  mass within the vehicle is accurately h w n  aad 2 )  t h e  

p r i n c f p l  axes sf the vehjcle remh garallel t o  t h e  axes along which 

the  accelerometers are mounted. 
3 Krishnan propcsd  using rotat ing accelerometers t o  determine both 

l i nea r  axid angular m t i o n  of  the vehicle. 

concentric and mutually perpcndfeular rings, each carrying an accelero- 

meter, and mounted w i t h  their centers a t  the  center of mass of the  

vehicle .  

i . e . ,  1) it is not  necessary tha t  the ro ta t ing  rings be a t  the  

vehicular center of  mss, and 2) it is not necessary t h a t  the r ings be 

concentric.  

then two ro ta t ing  accelerometers r s k h e r  than three w i l l  su f f i ce .  

Be suggesL& using three 

5 It has been pclssible to reduce the mounting res t r ic t ions ,  

I f  t h e  vehicle always has spin about a t  least one axir, 

2 2 . --pin& -_ " the fi~\%ga%i.~? 1 5 ~ ~  - -  

I n  the navigation loop, the three components of acceleration are 

each integrated twice t o  f i n d  the three components of posit ion.  

caLe.cilat&l position Ye used t o  compute the  gravity acceleration which is 

This 
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t o  be subtracted from t h e  measured acceleration. 

together w i t h  the  feedback provided by t h e  gravi ty  computation yields an 

unstable system. Measurement errors,  however smalE, are unavoidable. 

These errors enter  t he  navigation Xwp and appear as osc i l la tory  or 

diverging errors i n  v e l w i t y  and poeftion. 

This double integrat ion 

The velcc i ty  and posit ion errors i n  the navigation loop can be 

damped by introducing in to  the navigation loop veloci ty  o r  posi t ional  

informatton from a ~ x f  lIpbry W ~ O ~ S P S  such as optical-  o r  radar-Doppler o r  

stellar trackers. FOP vehicles that  approxlmataly follow a reference 

tra,jeetcqr, the  po&it%onai Infcrmt8on of this refemnee t ra jec tory  can 

be us& t o  damp the 6r rom of the navigation loop. 

Me%hocPs sf damping the navigaticPr, loop are presented i n  

References L, 2 9  5 ,  anti 6 .  Reference 1 gives a c a ~ e i s e  discussion of 

damping techniques which  are aS$a presented i n  Reference 2; Reference 5 

presents a different k c  heme which ha& m y  similarltlcs w i t h  the other8. 

In a d  sf %he navigation lcog damping techniques which have been 

fnvestfgatej. to cake, the equ&kio~% have been linearized by Taylor areriter 

expansion and it has been assumed t h a t  components of posit ion are re l a t ive ly  

constant w i t h  respect t o  position rend acceleration e r ro r s .  

2.3. The transzapmat 

I n  an all-accelerometer gimballess i n e r t i a l  navigation system, 

the  t rans la t iona l  and ro ta t iona l  motions detected by the  accelerometers 

are i n e r t i a l  quantities referred to  vehfcular coordinates. It is  

ge~zral ly  ~ d ~ 5 2 h g e ~ i i s  to refer these i n e r t i a l  qusnt%ties  t o  an i n e r t i a l  

frame before inser t ing gravity correction and before integrat ing t o  

obtain vehicular vtl.ocity and position. 

t o  the inertial frame, a direction cosLne matrix i s  used. 

To r e f e r  the measured quantities 
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The equations of the  direction cosine matrix can be wr i t ten  as 

nine d i f f e r e n t i a l  equatfons, w i t h  three of the nine equations being 

independent. 

nominal operating point shows tha t  they are oscf l la tory .  

t he  direct ion eosine matrix by using difference equations leads t o  

diverging er rors  w i t h  the direction cosine matrix maintaining nei ther  

normality nor orthogonality. 

Ar&lysie, of these equations i n  the neighborhood of a 

Solution of 

Awrtliary posit ion information from star trackers  m y  be in t ro-  

duced t o  Osdampo~ t h e  Oscflkatioris i n  the d i rec t ion  cosine 

maintain the nonmEellry wid orthogonality of the direct ion ccsine 

matrix, an algorithm t h a t  uses all nine of the direct ion cosine 

equatrons has been 8evel.opcd. 

closed form sclut ion fo r  the direction eosines can be found i f  the 

rate of change of angular aceeleration of the vehicle approaches zero. 

To 

5 5 It hae also been shawn t h a t  an exact 

2.4. ~rroir _ -  a n 9 s e s  __- 
"P&e error analyses have had several, f ace t s  as indicated by the  

following paragraphs a 

The measurements obtained from the accelerometers contain e r ro r s ,  

By suitable f i l t e r i n g  of these errors, t he  accuracy of the  navigation 

system can be improved. 

minimizing output noise variance) has been developed5 for  correlated and 

f o r  uncorrelated input noise. 

formance of t h i s  f i l ter  * 

An optimum d i g i t a l  f i l ter  (in t he  sense of 

A computer study has ver i f ied  the per- 

era- me chai-scteristics nf" the e r ro r s  i n  the  accelerometer measurements 

can be expressed -In t a rns  of the i r  autocorrelation functions.  Based  upon 

t h e  autocorrelation funetS ona sf the accelerometer outputs , the  autocor- 

r e l a t ion  func t fms  have bean found for the  e r ro r s  i n  l inear  acceleration 
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6. 
5 and angular velocity.  These autoccrrelation functions are fo r  l i nea r  

accelerations referred to  both vehicular and iner t ia l .  frames and f o r  

angular vel.ocities referred t o  t h e  vehicular frame. FOP cases i n  which 

the resu l t ing  autoeorrelatfon functions of t he  e r ro r s  are non-stationary, 

t he  variance of the e r ro r  output as a function of t h e  is determined. 

Equations are derived f o r  the e r rors  t h a t  arise when the  

accelerometers are mfsali.gned and the problems associated w i t h  compu- 

5 tati mal and Zni t i a l  alignment errors  are discussed e 

. _ -  

I n  addi.tion, the errors i n  the computation of gravity i n  the 

navigat2m loop and the  errsrs i n  the  computation of the  direct ion coaine 

matrix are considercii?" 

2.5. Sfmulation studies --- _o=__ 

A navigation system has been simulated on a d i g i t a l  computer. 

T h i ~  simulated system includes S )  a configuration of s i x  fixed accelero- 

meters displaced from the center o f  mass, 2) the  direct ion cosine 

transformation matrix t o  re fer  accelerations to t h e  i n e r t i a l  axes, 3) a 

l inea r  f i l t e r  t o  estimate the '%estf' values of acceleration, and 4) t h e  

navigation b o p ,  including a damping c i r c u i t  and a gravi ty  computer. 

The input t o  t h e  system is an angular veloci ty  pattern and a 

l i n e a r  acceleration pa t te rn .  

o r  reference t ra jec tory  of t h e  vehicle. 

also combined t o  give the  s i x  accelerations which t h e  s i x  fixed 

accelerometers read. Noise is added t o  these s i x  accelerations t o  

slmuiate Yna actilal a e c e l e r m e t s ~  measurements. The outputs from the 

noisy accelerometers a r e  f i l t e r e d  and then algebraical ly  combined t o  

obtain the beet estimate of angular velocity and l i nea r  acceleration. 

The components of the Unear a c c e l e r a t f ~ n  are then referred t o  the 

The input is  used t o  determine the  "exact" 

The components of the input are 
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7 .  

i n e r t i a l  axes ’by the d i rec t ion  eosine matrix. 

upon t h e  calculated position of the vehicle, is subtracted from the  

The computed gravi ty ,  based 

computed aeceleratfon.  A double integration of t h i s  modified accelerat ion 

is  then performed i n  a navigation loop which fqc lu l e s  dampfng. 

i l i a q  Information required for danping t h e  navigation loop is  supplied 

by a star t racker .  

on t h e  computer. 

The am- 

The output frcm the star tracker 9s also simulated 

!I% date, the mdlmped system has been studfed f o r  an e r ro r  free 

system and for a, s y s t m  w i t h  gausslan accelerometer e r ro r s  having no 

correlation between ample  va2 l~ee .  Tke! kinear f i l t e r  has been used f o r  

sane af t h e  runs where t h e  acce;erome%ars were noisy. 

has nct been ccmp3.ets’Ply satdafactcry. 

resul ts  can be obt?ain& by f j i t e r i n g  af.f-er the accelerometer outputs have 

been algebralzal ly  combtnned 

!The f i l t e r i n g  

It is ant ic ipated t h a t  improved 

Simuiat+i;m rum have arsc teen mde for  the  d i rec t ion  cosine t rans-  

f s m t I o n  maitr? x a1c9rAe ani h r t f t  calcu%atioms due to computer romdoff 

and angular vePcecE%y errors have “been made. 

I n  smloy,  the  s imula tbn  has been programmed but  has not been 

thoroughly checked or run on eloased loop with all subroutines i n  

operation. It i s  antfcfpated, however, t h a t  t h i s  simulation w i l l  be of 

inestimable aid In  designing gimballess i n e r t i a l  navigation systems. 

2.6 a =Frimental vork 

An experimental. study t o  demonstrate the  feasji.bibity of and 

pursued. A rs ts t . ing disk, mounted on a dividing head and driven by a 

Ward-Leonard speed control system has bean constructed e A loop-closing 

amplifier hes been constructed and t h e  accelerometer and amplifier have 
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0,  

been operated. 

1) the l imitat ion i n  the  transverse accelerat ion which the acceleramcters 

can withstand and 2) t he  noise generated by the  s l id ing  contacts.  

The B e l l  111-B accelerometers which are being used for  the 

experimental work can withstand a 20 g (perhaps even 100 g)  accelerat ion 

t h a t  i s  transverse t o  i t s  sensi t ive a x i s .  One accelerometer, however, 

w a s  damaged when s&jected t o  a tangential  acceleration of approximately 

The two major problems tha t  have become apparent are: 

200 g. 

The or ig ina l  s l i p  rings were f l a t  concentric rings mounted on one 

face of the ro ta t ing  d isk .  

contacts have been unsatisfactory and are t o  be replaced by precious 

metal r ings and brushes. 

low, rings of small diameter w i l l  be used. 

Graphite brushes were used. These sliding 

!Fo keep the veloci ty  of the s l id ing  contact8 
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